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The elastic solutions for a mixed dislocation in a general multilayer withN dissimilar anisotropic layers are obtained via a
generalized image decomposition method. The original problem is decomposed into N homogeneous subproblems with
strategically placed continuously distributed image (virtual) dislocations which satisfy the consistency conditions for degen-
erateN M (M < N) layer problems. The image dislocations are used to satisfy the interface or free surface conditions, and
represent the unknowns of the problem. The resulting singular Cauchy integral equations are transformed into non-singular
Fredholm integral equations of the second kind using certainH- and I-integral transforms. The Fredholm integral equations
are then solved via the classical Nystro¨m method. The general decomposition and the elimination of all singular integrals
yield an exact formulation of the problem; the approximation arises only in the Nystro¨m method. The dislocation mixity
and the number of layers dissimilar in thickness and elastic anisotropy can be handled without diﬃculty, constrained only
by the number of linear algebraic equations in the Nystro¨m method for large N. For the numerical study, image forces on a
dislocation in two- and three-layer systems are calculated. The accuracy of the results is veriﬁed by checking the boundary
conditions and by comparison with previous results. The dependence of the image force on the dislocation position and mix-
ity, and on the layer thicknesses and elastic anisotropies, is also illustrated via numerical investigations.
 2006 Elsevier Ltd. All rights reserved.
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Multilayer systems are used in many types of engineering systems and are adapted to fulﬁll a variety of
functions. However, defects such as dislocations and cracks are inevitable in multilayers. The performance
and reliability of multilayers are compromised by the generation and evolution of these defects, which can
induce a variety of undesirable consequences, e.g., excessive deformation, fracture, delamination and micro-
structural changes in the materials. Consequently, the study of dislocations and cracks in multilayers is0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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mixed dislocation under the plane strain condition in a multilayer.
Traditionally, the study of dislocations has been carried out separately for isotropic and anisotropic mate-
rials. For isotropic materials, previous studies have been carried out for dislocations in a half space (Head,
1953), a bimaterial (Weertman, 1996), an inﬁnite A–B–A trilayer (Chou, 1966), and an inﬁnite multilayer com-
prising alternate A and B layers (Koehler, 1970; Kamat and Hirth, 1987). For anisotropic materials, examples
of previous investigations include dislocations in a half space (Barnett and Lothe, 1974), a bimaterial (Suo,
1990; Wu et al., 2003), a strip (Wu and Chiu, 1995), and a ﬁlm–substrate (Wu and Wang, 2005; Wang and
Wu, 2005). For the general multilayer with the layers possibly being all dissimilar in the elastic constants
and thicknesses, Alshits and Kirchner (1995a,b) obtained theoretical solutions for line defects by using the
Fourier transform method, while Choi and Earmme (2002a,b) obtained series solutions to the problem of a
mixed dislocation in an inﬁnite anisotropic and isotropic trimaterial by using the alternating technique.
Further advances in the ﬁeld can be made for the reasons that relatively few theoretical works have been done
for dislocations in a general anisotropic multilayer and that very few numerical results are available for
systems with three or more layers of arbitrary thicknesses and anisotropies. In fact, numerical results were
obtained only for half-spaces, strips, bimaterials, ﬁlm–substrates and inﬁnite periodic multilayers in the works
referenced above. For general multilayers, Alshits and Kirchner (1995a,b) remarked that the ordered matrix
exponentials in their solutions were notoriously diﬃcult to evaluate and attempts to evaluate them for the
multilayer problem have not been reported in the literature.
Moreover, the application of the image (or virtual) dislocation technique, as summarized in Weertman’s
(1996) monograph, is largely restricted to the problem of inﬁnite isotropic bimaterials with one interface.
In this technique, continuously distributed image dislocations are used to satisfy the boundary conditions
in certain subproblems. The formulation results in singular Cauchy integral equations with the image densities
as unknown. The authors’ recent works (Wu and Wang, 2005; Wang and Wu, 2005) generalize the technique
for applications to ﬁlm–substrates (one free surface and one interface). In this work, we completely generalize
the image dislocation technique for the analysis of a mixed dislocation (with both edge and screw components)
in a general anisotropic multilayer with arbitrary number of layers dissimilar in both the elastic constants and
thicknesses. Two major obstacles encountered in the generalization were overcome: the proper decomposition
of the original problem into subproblems with partial solutions for the image dislocation densities, and the
elimination of singular integrals yielding a system of non-singular Fredholm integral equations. This paper
reports on the techniques used to overcome these diﬃculties, which in fact play critical roles in the successful
numerical evaluations. Essentially, the identiﬁcation of the partial solutions ensures proper degeneration to
simpler problems containing subgroups of identical contiguous layers. Without the correct partial solutions,
the degeneration leads to inconsistencies between the subproblems and therefore erroneous answers. Second,
since the solution of multiple Cauchy integral equations requires special techniques to handle the singular ker-
nels, the transformation to non-singular integral equations saves considerable eﬀort and computational cost.
We present the paper in ﬁve sections. Section 2 describes the generalized image decomposition method in
detail and summarizes all the partial solutions. Section 3 presents the technique used to transform the govern-
ing equations into non-singular integral equations. Section 4 provides numerical results for two- and three-
layer systems. Finally, conclusions are given in Section 5.
2. Generalized image decomposition technique
2.1. Formulation for 3-layer system
The image decomposition technique is explained with reference to the problem of a mixed dislocation in a
simple 3-layer system before generalization to an N-layer system. As shown in Fig. 1, the layers 1, 2 and 3 from
top to bottom are elastically dissimilar and have the thicknesses h1, h2 and h3 respectively. Layers 1 and 3 may
be semi-inﬁnite, in which case h1!1 and/or h3!1. The mixed dislocation, marked by the cross symbol,
may be located anywhere within the multilayer, say (x1s,x2s) with respect to a coordinate frame x1–x2 located
on the top surface. The problem is to ﬁnd the elastic solutions such as the stress ﬁeld and hence the image force
on the mixed dislocation.
Fig. 1. A mixed dislocation located at (x1s,x2s) in a ﬁnite anisotropic 3-layer solid. The thicknesses h1 and h3 may be inﬁnite so that the
solid becomes semi-inﬁnite or inﬁnite.
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and that the interfaces (Face 2 and Face 3) are perfectly bonded, the physical boundary conditions are that the
tractions r2i vanish on the free surfaces and that the stresses r2i and the displacement gradients oui/ox1 (equiv-
alently the displacements ui), where i = 1,2,3, are continuous across the interfaces:Fig. 2.
ﬁelds i
symbo
determr2iðx1; x2 ¼ 0Þ ¼ 0; ð2:1Þ
r2iðx1; x2 ¼ hþ1 Þ ¼ r2iðx1; x2 ¼ h1 Þ; ð2:2Þ
oui
ox1
ðx1; x2 ¼ hþ1 Þ ¼
oui
ox1
ðx1; x2 ¼ h1 Þ; ð2:3Þ
r2iðx1; x2 ¼ ðh1 þ h2ÞþÞ ¼ r2iðx1; x2 ¼ ðh1 þ h2ÞÞ; ð2:4Þ
oui
ox1
ðx1; x2 ¼ ðh1 þ h2ÞþÞ ¼ ouiox1 ðx1; x2 ¼ ðh1 þ h2Þ
Þ; ð2:5Þ
r2iðx1; x2 ¼ ðh1 þ h2 þ h3ÞÞ ¼ 0: ð2:6Þ
Eqs. (2.1) and (2.6) are the traction-free conditions on Face 1 and Face 4, respectively, and Eqs. (2.2), (2.3) and
(2.4), (2.5) are the continuity conditions across Face 2 and Face 3, respectively.
The above problem is solved by the method of continuously distributed image dislocations (also called vir-
tual dislocations). We decompose the original problem into three subproblems. The ﬁrst, second and third
subproblem is a problem of an inﬁnite homogeneous body of the material 1, 2 and 3, respectively. Each also
contains the mixed dislocation at (x1s,x2s). This is shown in Fig. 2. The shaded region in each subproblem in
the ﬁgure corresponds to the real region in the original problem, and image dislocations are distributed on the
upper and lower faces of these shaded regions to satisfy the boundary conditions Eqs. (2.1)–(2.6). For
instance, if the boundary condition Eq. (2.2) is to be satisﬁed, the stress components r2iðx1; x2 ¼ hþ1 Þ andDecomposition of a 3-layer problem (left) into three inﬁnite homogeneous subproblems denoted by K = 1, 2 and 3. The elastic
n Layers 1, 2 and 3 of the original problem are determined from summing the contributions of the source (marked by the cross
l) and all dislocation images in Subproblems 1, 2 and 3, respectively. The partial image density solutions qt1U, q
t
1L, etc. are
ined by the consistency condition when the 3-layer problem degenerates into 1- and 2-layer problems.
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problems 1 and 2, respectively, and then set equal to each other. In this approach, all ﬁeld quantities in Layers
1, 2 and 3 of the original problem must be calculated respectively from Subproblem 1, 2 and 3 and not by the
superposition of the subproblems.
The densities of the image dislocations are denoted by qt, where t = 1,2,3 denotes the x1-, x2- and x3-com-
ponents (the ﬁrst two are the edge components, the last is the screw component). Thus, image dislocations
ðqt1U; qt1LÞ, ðqt2U; qt2LÞ and ðqt3U; qt3LÞ are distributed to the upper and lower faces of the shaded regions in Sub-
problems 1, 2 and 3 of Fig. 2, respectively. These six densities (not counting the edge and screw components)
are to be determined via the satisfaction of the boundary conditions. However, they are insuﬃcient for the
solution of the problem because they do not satisfy the consistency condition that when two contiguous layers
are identical in material the corresponding subproblems must likewise be identical. Consequently, if Layers 1
and 2 are identical in material (thickness may or may not be the same), then images with the density qt2L must
also be distributed on ‘‘Face’’ 3 in Subproblem 1, and similarly images with the density qt1U must be located on
‘‘Face’’ 1 in Subproblem 2. Boundary conditions will then ensure that on Face 2 qt1L ¼ qt2U (which must be
zero since Face 2 is not an interface when Layers 1 and 2 are identical). Using the same reasoning, if layers
2 and 3 are identical, then images with the densities qt1U and q
t
2U on ‘‘Face’’ 1 and ‘‘Face’’ 2 in Subproblem
2 must also be distributed at the corresponding locations in Subproblem 3, and images with the density qt3L
in Subproblem 3 must be correspondingly located in Subproblem 2 and hence also in Subproblem 1. Consis-
tency is also achieved if all three layers are identical. However, if the identical layers are not contiguous, e.g., if
Layers 1 and 3 only are identical, Subproblems 1 and 3 will not be the same. Also, the consistency condition
requires that the mixed dislocation source in the original problem be present in each subproblem as already
assumed above. Thus, partial solutions have been found in the three subproblems via the consistency condi-
tion, which must hold when the original 3-layer problem is degenerated into 2- and 1-layer problems. They are
partial in the sense that the forms or numerical values of these density functions are yet to be determined from
the boundary conditions. The authors did not develop this concept in the earlier works (Wu and Wang, 2005;
Wang and Wu, 2005), where the 2-layer ﬁlm–substrate problem was not decomposed into homogeneous sub-
problems. Rather, inﬁnite bilayers were used as the basic elements in the previous works.
The generalization to an N-layer system can be achieved without diﬃculty. The problem is similarly divided
into N inﬁnite homogeneous subproblems, each with the dislocation source at (x1s,x2s). Using the consistency
requirement, the partial solutions qtJK in Layer J of Subproblem K are determined to beqtJK ¼
qtJU; J ¼ 1; K;
qtðJ1ÞL; J ¼ K þ 1; N þ 1:
(
ð2:7ÞApplying Eq. (2.7) to a 4-layer system, the partial solutions in the four subproblems are: qtJ1 ¼ fqt1U; qt1L; qt2L;
qt3L; q
t
4Lg; qtJ2 ¼ fqt1U; qt2U; qt2L; qt3L; qt4Lg; qtJ3 ¼ fqt1U; qt2U; qt3U; qt3L; qt4Lg and qtJ4 ¼ fqt1U; qt2U; qt3U; qt4U; qt4Lg,
respectively. These image densities are also shown in Fig. 3 and can be veriﬁed to be correct using theFig. 3. Decomposition of a 4-layer problem (left) into four inﬁnite homogeneous subproblems.
H.Y. Wang et al. / International Journal of Solids and Structures 44 (2007) 1563–1581 1567consistency condition. Furthermore, if the topmost layer is semi-inﬁnite with h1!1, then the image densities
qt1K , K = 1, . . . ,N on Face 1 of all the subproblems are zero. Likewise, if the lowermost layer is semi-inﬁnite,
qtðNþ1ÞK ¼ 0 on Face N + 1 of all the subproblems. This is because the boundaries inﬁnitely far from the source
are not aﬀected by it and no images are necessary to satisfy the free boundary conditions. Hence, the image
solutions of Eq. (2.7) are the (partial) solutions for the problem of a dislocation in a ﬁnite, semi-inﬁnite or
inﬁnite anisotropic multilayer. It should be noted that in a ﬁnite N-layer problem, the actual number of
unknown densities is 2N (or 6N if the edge and screw components are counted separately). In a semi-inﬁnite
N-layer problem, the number of unknowns is 2N  1 or alternatively 3(2N  1). Subsequently, the numerical
calculations will be carried out mainly for a 3-layer semi-inﬁnite solid with four faces.
2.2. The H and I transforms
The derivation of the governing equations hinges upon the H and I integral transforms developed in the
authors’ previous works (Wu and Wang, 2005; Wang and Wu, 2005). Operating on a function, say the image
density q(x1), they can be written asHða; bÞ½qðx1Þ ¼ 1p
Z 1
1
P ðx1  x1r; a; bÞ  qðx1rÞdx1r; ð2:8Þ
Iða; bÞ½qðx1Þ ¼ 1p
Z 1
1
Qðx1  x1r; a; bÞ  qðx1rÞdx1r; ð2:9Þwhere P and Q are rational functions of ﬁrst- to second-order polynomials:P ðx1  x1r; a; bÞ ¼ x1  x1r þ aðx1  x1r þ aÞ2 þ b2
; ð2:10Þ
Qðx1  x1r; a; bÞ ¼ bðx1  x1r þ aÞ2 þ b2
: ð2:11ÞIn Eqs. (2.10) and (2.11), a = A(x2  x2r) and b = B(x2  x2r), where A and B are some material parameters,
and x1r, x2r are the coordinates of the position of a certain reference dislocation. It can be shown that as a! 0
and b! 0 the limiting values of P and Q are given byLima;b!0Pðx1  x1r; a; bÞ ¼ P ðx1  x1r; 0; 0Þ ¼ 1x1  x1r ; ð2:12Þ
Lima;b!0Qðx1  x1r; a; bÞ ¼ Qðx1  x1r; 0; 0Þ ¼ p sgnðbÞdðx1  x1rÞ: ð2:13ÞThe Dirac delta function in Eq. (2.13) is particularly important as it is a mathematical carrier of the Burgers
vector. The sign of the limit of Q is dependent on its third argument b; this must be taken into account in the
subsequent formulation when the limit of a quantity is evaluated at an inﬁnitesimally small distance above and
below an interface. In the solutions to be obtained from the governing equations, the density q in Eqs. (2.8)
and (2.9) is to be sought in the form of P or Q. TheH and I transforms of P and Q can be evaluated exactly via
residue calculus (see authors’ works referenced above):Hða; bÞ½P ðx1  x1s; a; bÞ ¼ 1p
Z 1
1
P ðx1  x1r; a; bÞ  P ðx1r  x1s; a; bÞdx1r
¼ Qðx1  x1s; aþ a; jbj þ jbjÞ; ð2:14Þ
Hða; bÞ½Qðx1  x1s; a; bÞ ¼ sgnðbÞ  P ðx1  x1s; aþ a; jbj þ jbjÞ; ð2:15Þ
Iða; bÞ½P ðx1  x1s; a; bÞ ¼ sgnðbÞ  P ðx1  x1s; aþ a; jbj þ jbjÞ; ð2:16Þ
Iða; bÞ½Qðx1  xs; a; bÞ ¼ sgnðbÞ  sgnðbÞ  Qðx1  x1s; aþ a; jbj þ jbjÞ; ð2:17Þ
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argument of the result is always positive. Iterations of the transforms are also needed in the work to follow,
and the results can also be evaluated exactly via residue calculus:Hða; bÞ  Hða; bÞ ¼ Iðaþ a; jbj þ jbjÞ; ð2:18Þ
Hða; bÞ  Iða; bÞ ¼ sgnðbÞ  Hðaþ a; jbj þ jbjÞ; ð2:19Þ
Iða; bÞ  Hða; bÞ ¼ sgnðbÞ  Hðaþ a; jbj þ jbjÞ; ð2:20Þ
Iða; bÞ  Iða; bÞ ¼ sgnðbÞ  sgnðbÞ  Iðaþ a; jbj þ jbjÞ: ð2:21ÞThus, the H and I transforms operating on other H and I transforms (with diﬀerent arguments) will always
return H and I transforms whose ﬁrst argument equals the sum of the ﬁrst arguments of the operating trans-
forms and whose second argument equals the sum of the absolute values of the second arguments. If all four
arguments a, b, a and b approach zero, Eqs. (2.18)–(2.21) reduce to H(0,0) Æ H(0,0) = I(0,0+),
H(0,0) Æ I(0,0±) = sgn(0±) Æ H(0,0), I(0,0±) Æ H(0,0) = sgn(0±) Æ H(0,0) and I(0,0±) Æ I(0,0±) = sgn(0±) Æ sgn(0±) Æ
I(0,0+), respectively, where the plus and minus signs above zero imply respectively a small positive and a small
negative number diminishing to zero. Importantly, H(0,0) is the classical Hilbert transform and by Eqs. (2.8),
(2.10) and (2.12):Hð0; 0Þ½qðx1Þ ¼
Z 1
1
qðx1rÞ
x1  x1r dx1r; ð2:22Þwhereas I(0,0±) is the identity transform and by Eqs. (2.9), (2.11) and (2.13):Ið0; 0Þ½qðx1Þ ¼ sgnð0Þqðx1rÞ: ð2:23Þ
The ﬁrst reduced relation H(0,0) Æ H(0,0) = I(0,0+) also implies that performing the Hilbert transform twice
on a function will yield exactly the negative of the function since the second argument of I(0,0+) is positive.
Eqs. (2.14)–(2.23) and the reduced relations form the mathematical basis for formulating the stated problem
and solving the resulting integral equations.
2.3. Governing integral equations
Based on Stroh’s (1958) formalism, the stress and displacement gradient ﬁelds due to a mixed dislocation
with Burgers vector components bt (t = 1,2,3) located at (x1s,x2s) in a homogeneous anisotropic solid under
plane strain can be expanded in terms of P and Q (Wu and Wang, 2005). For the current multilayer problem,
assuming that Subproblem K (K = 1,2, . . . ,N) is considered. Then, the stresses and displacement gradients at a
general position (x1,x2) in terms of Dx1 = x1  x1s and Dx2 = x2  x2s can be written asrijðK; bt;Dx1;Dx2Þ ¼ 2
X3
a¼1
ntRKaijP ðDx1; pRKaDx2; pIKaDx2Þ þ ntIKaijQðDx1; pRKaDx2; pIKaDx2Þ
 
bt; ð2:24Þ
oui
oxj
ðK; bt;Dx1;Dx2Þ ¼ 2
X3
a¼1
ftRKaijP ðDx1; pRKaDx2; pIKaDx2Þ þ ftIKaijQðDx1; pRKaDx2; pIKaDx2Þ
 
bt; ð2:25Þwhere pRKa and p
I
Ka are the real (indicated by superscript R) and imaginary (superscript I) parts of the three
pairs of complex conjugate eigenvalues in Stroh’s sextic formulation for Subproblem K (no sum over K),
and ntRKaij; n
tI
Kaij; f
tR
Kaij; f
tI
Kaij are related to the elastic constants of the material of Subproblem K. The summa-
tion from a = 1 to 3 includes contributions from all three pairs of eigenvalues and eigenvectors. The repeated t
in the four products ntRKaijbt, n
tI
Kaijbt, etc. implies summation from t = 1 to t = 3, capturing the contributions
from the edge and screw components of the mixed dislocation. It can also be seen that the expressions for
the stress and displacement components diﬀer only in the constants ntRKaij; n
tI
Kaij; f
tR
Kaij; f
tI
Kaij. The four argu-
ments of rij and oui/oxj in Eqs. (2.24) and (2.25) emphasize their dependence on the subproblem, the Burgers
vector of the source dislocation, and the position of the point of interest relative to the source position. It
should be noted that if the anisotropic materials degenerate into isotropic ones, Eqs. (2.24) and (2.25) take
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weakly anisotropic materials.
According to the decomposition scheme, the stresses and displacement gradients on Face F due to the
image dislocations qtJK of Eq. (2.7) distributed on Face J in Subproblem K must also be evaluated. Let the
position of interest be (x1,x2F), where x2F is the x2 coordinate of Face F, and the image dislocation density
is at ðx01; x2JÞ, where x2J is the x2 coordinate of Face J. Replacing bt in Eq. (2.24) by qtJKðx01Þ and integrating
from x01 ¼ 1 to x01 ¼ þ1 yields the stresses:rijðK; qtJK ; x1;Dx2Þ ¼
Z 1
1
2
X3
a¼1
ntRKaijP ðDx1; pRKaDx2; pIKaDx2Þ þ ntIKaijQðDx1; pRKaDx2; pIKaDx2Þ
 
qtJKðx01Þdx01
¼ 2p
X3
a¼1
ntRKaijHðpRKaDx2; pIKaDx2Þ þ ntIKaijIðpRKaDx2; pIKaDx2Þ
 
½qtJKðx1Þ; ð2:26Þwhere Dx1 ¼ x1  x01 and Dx2 = x2F  x2J. Similarly, the displacement gradients due to the image distribution
are obtained when ðntRKaij; ntIKaijÞ are replaced by ðftRKaij; ftIKaijÞ:oui
oxj
ðK; qtJK ; x1;Dx2Þ ¼ 2p
X3
a¼1
ftRKaijHðpRKaDx2; pIKaDx2Þ þ ftIKaijIðpRKaDx2; pIKaDx2Þ
 
½qtJKðx1Þ: ð2:27ÞIn summary, the stresses and displacement gradients due to a discrete mixed dislocation have been expressed
as the sum of P and Q functions as given by Eqs. (2.24) and (2.25), while those due to distributed images as the
sum of H and I transforms of the density function as given by Eqs. (2.26) and (2.27).
The governing equations of the ﬁnite 3-layer problem with top and bottom free surfaces can now be
derived. Consider the top free surface (F = 1) as shown in Fig. 1. The boundary condition to be satisﬁed is
r2i(x1,x2 = 0) = 0 (Eq. (2.1)) and according to the decomposition scheme of Fig. 2 r2i(x1,x2 = 0) is the sum
of the stress due to the dislocation source at (x1s,x2s) and those due to the images qtJK at ðx01; x2J Þ on Face J
(for J = 1,2,3,4) in Subproblem K = 1. Using Eqs. (2.24) and (2.26), this can be written asr2iðx1; x21Þ ¼ r2ið1; bt; x1  x1s; x21  x2sÞ þ
XJ¼4
J¼1
r2ið1; qtJ1; x1; x21  x2J Þ ¼ 0; ð2:28Þwhere i = 1,2,3 and x21 = 0 is the x2 coordinate of Face 1. Similarly, the traction free condition on the bottom
free surface (F = 4) given by Eq. (2.6) can be written asr2iðx1; x24Þ ¼ r2ið3; bt; x1  x1s; x24  x2sÞ þ
XJ¼4
J¼1
r2ið3; qtJ3; x1; x24  x2J Þ ¼ 0; ð2:29Þwhere x24 = h1  h2  h3 is the x2 coordinate of Face 4. The stress continuity condition across Face 2 is sim-
ilarly written using Subproblem 1 (just above Face 2) and Subproblem 2 (just below Face 2):r2ið1; bt; x1  x1s; x22  x2sÞ þ
XJ¼4
J¼1
r2ið1; qtJ1; x1; x22  x2JÞ
¼ r2ið2; bt; x1  x1s; x22  x2sÞ þ
XJ¼4
J¼1
r2ið2; qtJ2; x1; x22  x2J Þ; ð2:30Þwhere x22 = h1 is the x2 coordinate of Face 2. Likewise, the stress continuity across Face 3 is expressed byr2ið2; bt; x1  x1s; x23  x2sÞ þ
XJ¼4
J¼1
r2ið2; qtJ2; x1; x23  x2JÞ
¼ r2ið3; bt; x1  x1s; x23  x2sÞ þ
XJ¼4
J¼1
r2ið3; qtJ3; x1; x23  x2J Þ; ð2:31Þ
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Face 2 and Face 3, the equations are analogous to Eqs. (2.30) and (2.31):oui
ox1
ð1; bt; x1  x1s; x22  x2sÞ þ
XJ¼4
J¼1
oui
ox1
ð1; qtJ1; x1; x22  x2J Þ
¼ oui
ox1
ð2; bt; x1  x1s; x22  x2sÞ þ
XJ¼4
J¼1
oui
ox1
ð2; qtJ2; x1; x22  x2J Þ; ð2:32Þ
oui
ox1
ð2; bt; x1  x1s; x23  x2sÞ þ
XJ¼4
J¼1
oui
ox1
ð2; qtJ2; x1; x23  x2J Þ
¼ oui
ox1
ð3; bt; x1  x1s; x23  x2sÞ þ
XJ¼4
J¼1
oui
ox1
ð3; qtJ3; x1; x23  x2J Þ: ð2:33ÞEqs. (2.28)–(2.33) are thus the governing equations for the ﬁnite 3-layer problem. The number of unknowns
qtJK for J = 1,2,3,4 and K = 1,2,3 for each value of t is actually six as given by the partial solutions of Eq.
(2.7), which are indicated in Fig. 2. By induction, these equations can be generalized for the ﬁnite N-layer
problem with N + 1 faces (2 free surfaces and N  1 interfaces). For the free surface condition on Face F
(F = 1 and F = N + 1), the governing equations are:r2iðK; bt; x1  x1s; x2F  x2sÞ þ
XJ¼Nþ1
J¼1
r2iðK; qtJK ; x1; x2F  x2J Þ ¼ 0; ð2:34Þwhere x2F is the x2 coordinate of Face F. For F = 1, K = F while for F = N + 1, K = F  1, indicating the sub-
problem to be used in evaluating Eq. (2.34). For stress and displacement gradient continuity across the inter-
faces F = 2,3, . . . ,N, the governing equations are respectively:r2iðK; bt; x1  x1s; x2F  x2sÞ þ
XJ¼Nþ1
J¼1
r2iðK; qtJK ; x1; x2F  x2J Þ
¼ r2iðK þ 1; bt; x1  x1s; x2F  x2sÞ þ
XJ¼Nþ1
J¼1
r2iðK þ 1; qtJðKþ1Þ; x1; x2F  x2J Þ; ð2:35Þ
oui
ox1
ðK; bt; x1  x1s; x2F  x2sÞ þ
XJ¼Nþ1
J¼1
oui
ox1
ðK; qtJK ; x1; x2F  x2J Þ
¼ oui
ox1
ðK þ 1; bt; x1  x1s; x2F  x2sÞ þ
XJ¼Nþ1
J¼1
oui
ox1
ðK þ 1; qtJðKþ1Þ; x1; x2F  x2J Þ; ð2:36Þwhere K = F  1, which implies that for Interface F the left and right sides of Eqs. (2.35) and (2.36) are to be
calculated from Subproblems F  1 and F, respectively. If either Layer 1 or Layer N or both are inﬁnite, the
corresponding free surface condition expressed by Eq. (2.34) is dropped accordingly, and Eqs. (2.35), (2.36)
still hold with qtJK ¼ 0 for J = 1 and/or N + 1 (equivalently the summation over J ranges from 2 to N + 1
or 1 to N or 2 to N, instead of from 1 to N + 1). Thus, Eqs. (2.34)–(2.36) are the governing equations for
the general N-layer ﬁnite, semi-inﬁnite or inﬁnite problems.
The derived governing equations are of two basic types. The terms containing bt as an argument are asso-
ciated with the source dislocation and are composed of the rational functions P and Q, while those containing
qtJK are associated with the distributed images and are composed of the H and I transforms of q
t
JK . When
x2F  x2J ! 0±, the terms r2iðK; qtJK ; x1; x2F  x2J Þ (and similarly r2iðK þ 1; qtJK ; x1; x2F  x2J Þ) in Eqs. (2.34)
and (2.35) reduce to the following according to Eq. (2.26):r2iðK; qtJK ; x1; 0Þ ¼ 2p
X3
a¼1
ntRKa2iHð0; 0Þ þ ntIKa2iIð0; 0Þ
 ½qtJKðx1Þ
¼ 2p
X3
a¼1
ntRKa2iHð0; 0Þ½qtJKðx1Þ þ 2p sgnð0Þ
X3
a¼1
ntIKa2iq
t
JKðx1Þ
¼ 2p
X3
a¼1
ntRKa2iHð0; 0Þ½qtJKðx1Þ; ð2:37Þ
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and the summation 2p
P3
a¼1n
tI
Ka2i ¼ 0 irrespective of the values of i and t because of the physical requirement
that integrating r2i due to a discrete dislocation around it along an inﬁnitely long and inﬁnitesimally thin rect-
angular path from x1 = 1 to +1 and subsequently in the reverse direction must yield zero. This is required
as the dislocation is a displacement type, and not a force type, of singularity. Eq. (2.37) consists of only the
Hilbert transform, which gives rise to the singular term in the governing equations. Physically, it represents the
stresses on a face due to image dislocations distributed on the face itself. Thus, the governing equations, Eqs.
(2.34) and (2.35), consist of both the singular terms Hð0; 0Þ½qtJKðx1Þ and the non-singular terms
Hða; bÞ½qtJKðx1Þ, a5 0, b5 0. They are Cauchy integral equations of the ﬁrst type, since the unknown den-
sities qtJKðx1Þ do not appear independently, i.e., they appear only as integrands. In contrast, the terms
oui=ox1ðK; qtJK ; x1; x2F  x2J Þ in Eq. (2.36) reduce tooui
ox1
ðK; qtJK ; x1; 0Þ ¼ 2p
X3
a¼1
ftRKai1Hð0; 0Þ þ ftIKai1Ið0; 0Þ
 ½qtJKðx1Þ
¼ 2p
X3
a¼1
ftRKai1Hð0; 0Þ½qtJKðx1Þ þ 2p sgnð0Þ
X3
a¼1
ftIKai1q
t
JKðx1Þ; ð2:38Þwhere 2p
P3
a¼1f
tI
Kai1 equals zero if i5 t and equals 1/2 if i = t. This is because integrating oui/ox1 along the
inﬁnitely long rectangular path enclosing a dislocation with Burgers vector purely in the xt direction must yield
a non-zero displacement jump in that direction but no jump in the other two directions. Thus, when i = t the
second term in Eq. (2.38) will not vanish and its sign depends on the signum function of x2F  x2J. It will make
equal but opposite contributions to oui/ox1 evaluated just above and just below Face F. Consequently, Eq.
(2.36) contains the singular terms Hð0; 0Þ½qtJKðx1Þ, non-singular terms Hða; bÞ½qtJKðx1Þ, a5 0, b5 0 and the
density qtJKðx1Þ itself, and it is thus a Cauchy integral equation of the second type.
If the governing equations are exclusively Cauchy integral equations of the ﬁrst type, which are derived
from the stress boundary conditions, then the singular terms Hð0; 0Þ½qtJKðx1Þ can be eliminated by taking
the Hilbert transform of each term in the integral equations, resulting in non-singular integral equations. This
can be explained using Eq. (2.34) as an example. Taking the Hilbert transform of the ﬁrst term of this equation
will yield H(0,0)[P(x1)] and H(0,0)[Q(x1)], which can be evaluated exactly via Eqs. (2.14)–(2.17). Taking the
Hilbert transform of the second term will yield terms involving H(0,0)H(a,b), H(0,0)I(a,b) and H(0,0)H(0,0)
(here a5 0, b5 0), which can be evaluated via Eqs. (2.18)–(2.21) to yield I(a, jbj), sgn(b)H(a, jbj) and
I(0,0+), respectively, all of which correspond to non-singular integrals. However, if some of the governing
equations are of the second kind (displacement gradient boundary conditions), then the singular terms cannot
be eliminated simply by taking the Hilbert transform. This is because the unknown densities appear by them-
selves in these equations and taking the Hilbert transform of them will yield singular terms. In Section 3, a
method is devised to eliminate all singular terms from the governing equations.
3. Development of non-singular integral equations
3.1. Elimination of singular terms from Cauchy integral equations
The proposed method of removing singularities from the integral equations is explained by considering two
Cauchy integral equations with the unknown densities q1(x) and q2(x). Generalization of the method to n inte-
gral equations is straight-forward. First, write the integral equations in matrix form asCqþ C0H0qþ CHHqþ CIIq ¼ CRR; ð3:1Þ
whereq ¼ q1ðx1Þ
q2ðx1Þ
 
; H0 ¼ Hð0; 0Þ 0
0 Hð0; 0Þ
 	
; H ¼ Hða; bÞ 0
0 Hðc; dÞ
 	
;
I ¼ Iða
0; b0Þ 0
0 Iðc0; d 0Þ
 	
; R ¼ P ðx1; a; bÞ
Qðx1; a; bÞ
 
ð3:2Þ
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For the H transform, a and b, and similarly c and d, cannot both be zero. The same restriction applies to a 0
and b 0, and c 0 and d 0, in the I transform. The arguments a, b in P and Q are arbitrary constants. Only the
H(0,0) terms are singular and are to be eliminated. Also, C, C0, CH, CI and CR are the coeﬃcient matrices
premultiplying the ﬁve matrices in Eq. (3.2), and C05 0 since otherwise Eq. (3.1) would have already been
non-singular. The singular terms H0q can be eliminated according to the following three cases depending
on C and C0.
Case 1: C = 0. Eq. (3.1) is a Cauchy integral equation of the ﬁrst kind corresponding to the stress boundary
conditions Eqs. (2.34) and (2.35). Taking the Hilbert transforms of all terms in Eq. (3.1) yields:C0qþ CHH0Hqþ CIH0Iq ¼ CRH0R; ð3:3Þ
where H0H, H0I and H0R can be evaluated using Eqs. (2.14)–(2.21). Note in particular that:
H0H ¼
Hð0; 0ÞHða; bÞ 0
0 Hð0; 0ÞHðc; dÞ
 	
¼ Iða; jbjÞ 0
0 Iðc; jdjÞ
 	
; ð3:4Þ
H0I ¼
Hð0; 0ÞIða0; b0Þ 0
0 Hð0; 0ÞIðc0; d 0Þ
 	
¼ sgnðb
0ÞHða0; jb0jÞ 0
0 sgnðd 0ÞHðc0; jd 0jÞ
 	
; ð3:5Þ
so thatH0H andH0I contain the I andH transforms respectively. Eq. (3.3) is thus non-singular. It is in
fact a Fredhom integral equation of the second kind since the unknown q is not integrated in the ﬁrst
term of the equation.Case 2: C5 0. Eq. (3.1) is a Cauchy integral equation of the second kind corresponding to the displacement
gradient boundary conditions Eq. (2.36). Two sub-cases can be considered as follows.
Case 2(a): detC5 0 and detC0 = 0. First, solve for q in terms of H0q, Hq, Iq and R:q ¼ C1ðC0H0qþ CHHqþ CIIq CRRÞ: ð3:6Þ
Substitute Eq. (3.6) back into the singular term (i.e., the second term) of Eq. (3.1) yields after
rearrangement:
ðCþ C0C1C0Þqþ ðCHHþ CII C0C1CHH0H C0C1CIH0IÞq ¼ ðCR  C0C1CRH0ÞR: ð3:7Þ
Eq. (3.7) is non-singular, since H, I,H0H andH0I operating on q all give rise to non-singular integrals.
Case 2(b): detC = 0 and detC05 0. Unlike Case 2(a), one cannot ﬁrst solve for q since detC = 0.
Instead, the Hilbert transform is taken of all terms in Eq. (3.1), yielding:CH0q C0qþ CHH0Hqþ CIH0Iq ¼ CRH0R; ð3:8Þ
where q can now be solved for since the determinant of its coeﬃcient matrix is non-zero. Thus, we
might then proceed as in Case 2(a).Case 3: Cauchy integral equations of both the ﬁrst and second kinds. Consider for instance the two equations:0 0
c21 c22
 	
q1ðx1Þ
q2ðx1Þ
 
þ c011 c012
c021 c022
 	
Hð0; 0Þ 0
0 Hð0; 0Þ
 	
q1ðx1Þ
q2ðx1Þ
 
þ cH11 cH12
cH21 cH22
 	
Hða; bÞ 0
0 Hðc; dÞ
 	
q1ðx1Þ
q2ðx1Þ
 
þ cI11 cI12
cI21 cI22
 	
Iða0; b0Þ 0
0 Iðc0; d 0Þ
 	
q1ðx1Þ
q2ðx1Þ
 
¼ cR11 cR12
cR21 cR22
 	
P ðx1; a;bÞ
Qðx1; a;bÞ
 
; ð3:9Þ
where the ﬁrst and second equations are of the ﬁrst and second kind, respectively, since c11 = c12 = 0
in the matrix C. It can be seen that detC = 0 necessarily. We consider also two sub-cases. In Case 3(a),
detC05 0 then one may proceed as in Case 2(b). In Case 3(b), detC0 = C011C022  C012C021 may be
zero or very close to zero. In such a case, Hilbert transform is taken of all the terms in either the ﬁrst
(or second) equation and the resulting equation is then solved in conjunction with the second (or ﬁrst)
equation. For instance, taking the Hilbert transform of the ﬁrst equation only yields:
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c21 c22
" #
q1ðx1Þ
q2ðx1Þ
( )
þ 0 0
c021 c022
" #
Hð0; 0Þ 0
0 Hð0; 0Þ
" #
q1ðx1Þ
q2ðx1Þ
( )
þ cH11Hð0; 0Þ cH12Hð0; 0Þ
cH21 cH22
" #
Hða; bÞ 0
0 Hðc; dÞ
" #
q1ðx1Þ
q2ðx1Þ
( )
þ cI11Hð0; 0Þ cI12Hð0; 0Þ
cI21 cI22
" #
 Iða
0; b0Þ 0
0 Iðc0; d 0Þ
" #
q1ðx1Þ
q2ðx1Þ
( )
¼ cR11Hð0; 0Þ cR12Hð0; 0Þ
cR21 cR22
" #
P ðx1; a; bÞ
Qðx1; a; bÞ
( )
: ð3:10ÞIf the determinant of the coeﬃcient matrix premultiplying q is not zero, i.e., C011C22 + C012C215 0, q may
now be expressed as a function of the other terms and substituted back into the second term of Eq. (3.9) to
remove all singularities. Alternatively, if Hilbert transform is taken of the second equation, express H0q as a
function of all the other terms and substitute the resulting expression into the second term of Eq. (3.9). Here it
is assumed that the determinant of the coeﬃcient matrix premultiplying H0q is C011C22  C012C215 0. The
new equation will no longer have terms involving H0q and is therefore non-singular. Furthermore, it is unli-
kely that the determinant C011C022  C012C021 in Case 3(a) and the determinant ±(C011C22 + C012C21) in
case 3(b) will both be zero, since C022 and C021 are constants associated with stresses and will unlikely be equal
to C22 and C21 which are associated with displacements.
In the three cases above, the Cauchy integral equations reduce to Fredholm integral equations of the second
kind, which can be solved using standard techniques such as the Nystro¨m method or the Neumann series
method. A very simple and eﬀective algorithm for the Nystro¨m method contained in the book ‘‘Numerical
Recipes in C’’ (Press et al., 1992) was used in this work. Essentially, the integrals in the governing equations
are approximated by Gaussian quadratures using Gaussian points and weights, and the resulting approximate
equations are to be satisﬁed at the same set of Gaussian points, yielding a system of linear algebraic equations
with the image densities at the Gaussian points as unknown. Analytical forms for the densities can be obtained
by substituting the solved densities at the Gaussian points back into the approximate equations. The analytical
image densities can then be used to evaluate the stresses using Eq. (2.26).
3.2. Current problem
Among the governing equations, Eq. (2.34) is the traction free condition and consists of three Cauchy inte-
gral equations of the ﬁrst type (i = 1,2,3). Fig. 2 or 3 shows that the singular terms in Eq. (2.34) are associated
with the density qt1U in Subproblem 1 (top surface) or q
t
NL in Subproblem N (bottom surface) since these
images are directly on the faces where the traction free condition is to be satisﬁed. Thus, three Hilbert trans-
form terms Hð0; 0Þ½qt1U or Hð0; 0Þ½qtNL (t = 1, 2 and 3) are to be eliminated from Eq. (2.34) for each traction
free surface. The elimination of these singular terms can be done as for Case 1. In contrast, Eq. (2.35) or (2.36)
involves six singular terms for each interface considered, since three densities from two neighboring subprob-
lems must be considered for continuity across the interface of two materials. However, Eq. (2.35) or (2.36)
consists of only three equations for each interface. Thus, they are combined to form six equations of the ﬁrst
and second types with six Hilbert transform terms. The elimination of the singular terms is carried out as for
Case 3, which leads to a matrix equation similar to Eq. (3.10). In particular, the equation corresponding to Eq.
(3.10) for the interface F isD1K12 D
2
K12 D
3
K12 D1ðKþ1Þ12 D2ðKþ1Þ12 D3ðKþ1Þ12
D1K22 D
2
K22 D
3
K22 D1ðKþ1Þ22 D2ðKþ1Þ22 D3ðKþ1Þ22
D1K23 D
2
K23 D
3
K23 D1ðKþ1Þ23 D2ðKþ1Þ23 D3ðKþ1Þ23
1
2
0 0 1
2
0 0
0 1
2
0 0 1
2
0
0 0 1
2
0 0 1
2
2
6666666664
3
7777777775
q1KðxÞ
q2KðxÞ
q3KðxÞ
q1ðKþ1ÞðxÞ
q2ðKþ1ÞðxÞ
q3ðKþ1ÞðxÞ
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
¼ RHS; ð3:11Þ
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P3
a¼1n
tR
Kaij and K = F  1, i.e., for Interface F the subproblems considered are
F  1 and F. Also, RHS denotes the right-hand side terms, including the H(0,0), H, I transforms and the ra-
tional functions. Evaluation of the determinant of the coeﬃcient matrix leads to a non-zero value and conse-
quently the densities in Eq. (3.11) can be expressed as a function of the RHS terms and substituted back into
the governing equations to yield six Fredholm equations of the second kind. For brevity, the transformed
equations are not listed.
In Section 4, we consider a three-layer semi-inﬁnite solid in which two thin ﬁlms are bonded to a semi-inﬁ-
nite substrate. The three-layer problem consists of one free surface (three equations) and two interfaces (six
equations for each interface), resulting in a total of 15 integral equations with the same number of unknown
densities.
3.3. Discussion
There are several advantages associated with the proposed method of transforming the integral equations.
The key advantage is the elimination of all singular terms, which saves considerable computational eﬀort and
completely removes inaccuracies associated with singularities. Second, degenerate problems (in which adjacent
layers are identical) can be treated without diﬃculty. This means DtKij ¼ DtðKþ1Þij in Eq. (3.11) and the determi-
nant of the coeﬃcient matrix remains non-zero. Third, decoupled and coupled problems can be handled
directly with no additional manipulation. In a decoupled problem, the edge and screw components of the
source dislocation can be treated separately using edge and screw dislocation images respectively. The most
general matrix of elastic constants (where C14 = C15 = C24 = C25 = C46 = C56 = 0) allowing a mixed disloca-
tion problem to be solved as a decoupled problem is given in Hirth and Lothe (1982). Fourth, the coeﬃcient
matrix in Eq. (3.11) for any given interface F remains the same for any number of layers in the multilayer solid.
This is because the elements in this coeﬃcient matrix are associated with the stresses and displacement gradi-
ents caused by image dislocations on themselves, and will not be aﬀected by the addition or reduction of other
faces. Varying the number of faces only requires changes to the RHS of Eq. (3.11).
4. Numerical results
In this section, numerical results for the image forces on dislocations in multilayers composed of various
materials are presented, speciﬁcally the cubic materials nickel (Ni), copper (Cu), silicon (Si), and germa-
nium–silicon alloy (GexSi1x), where x is the fraction of lattice sites occupied by germanium atoms, as well
as the hexagonal materials zinc (Zn), indium nitride (InN), silicon carbide (SiC). The crystal elastic constants
of these materials are shown in Table 1. Furthermore, isotropic multilayers are considered. Both coupled and
decoupled problems are also investigated. The results are grouped into two subsections: Section 4.1 shows twoTable 1
Elastic constants for hexagonal and cubic crystals in the local crystal frame x01–x
0
2–x
0
3
Hexagonal Cubic
InNa SiCb Znc Nic Cuc Sid GexSi1x
d
C011 ðGPaÞ 182 553 61 246.5 168.4 165.7 128.9x + 165.7(1  x)
C033 190 501 161
C012 121 52 50.1 147.3 121.4 63.9 48.3x + 63.9(1  x)
C023 104 111 34.2
C066 9.9 163 38.3
C044 124.7 75.4 79.6 67.1x + 79.6(1  x)
For the hexagonal crystals, the x01-axis is perpendicular to the basal plane. The x in GexSi1x denotes the fraction of lattice sites occupied
by germanium atoms.
a Sheleg and Savastenko (1979).
b Kamitani et al. (1997).
c Hirth and Lothe (1982).
d Jain et al. (1997).
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isﬁed, while Section 4.2 contains new results for rather complex multilayers.
4.1. Veriﬁcation of results
Kamat and Hirth (1987) calculated the image force F2 in the x2 direction on a screw dislocation with the
Burgers vector b = b(0,0,1) in an inﬁnite isotropic three-layer composite 1–2–1, where Layer 2 is ﬁnite with
thickness h and Layers 1 are semi-inﬁnite. The dislocation is located in Layer 2 at the distance of d from
the upper interface. They employed discrete screw images to numerically obtain the answers in the form of
series. The normalized image forces F2/Ffree at several values of the normalized position a = d/h are shown
as crosses in Fig. 4 for two values of the material inhomogeneity parameter c = (l1  l2)/(l1 + l2), where
l is the shear modulus. Here Ffree is the reference image force in the x2 direction on the screw dislocation
located at the depth of h below the free surface of a half-space of Material 2. This problem was also solved
by our decomposition technique using only four Gaussian points when approximating the integrals in the
Nystro¨m method. This is a decoupled problem involving only screw images. The image force is calculated
by the Peach–Koehler formula: F2 = r11b1  r12b2  r13b3 = r13b, where the stress components are those
due to all the continuously distributed images in Subproblem 2 (the dislocation is in Layer 2). The results are
shown as squares and superimposed on the results of Kamat and Hirth (1987). It can be seen that they agree
very well. The antisymmetric dependence of the image force on a is expected for a screw dislocation in the
inﬁnite three-layer system. The signiﬁcant increase in image force magnitude is also apparent as the material
inhomogeneity c increases.
Next, we consider a GexSi1x ﬁlm of thickness h on a semi-inﬁnite silicon substrate. For the {100} plane
epitaxy, the x1-, x2- and x3-axis coincides with the crystallographic directions ½101, ½010 and ½101, respec-
tively. The dislocation with the Burgers vector b ¼ bð1=2;1= ﬃﬃﬃ2p ; 1=2Þ is located at (0,x2) in the ﬁlm, where
h < x2 < 0. This is a decoupled problem even though the dislocation is mixed. Fig. 5 plots the normalized
image force F2/Ffree on the dislocation, where Ffree is the image force in the x2 direction on the dislocation
located at the depth of h from the free surface of a silicon half-space. Two cases x = 0.1 and x = 0.5 are con-
sidered. Our results, again calculated using four Gaussian points in the Nystro¨m method, are shown as full
lines. They compare very well with the earlier results of Choi and Earmme (2002a) marked in symbols.
The satisfaction of boundary conditions is also veriﬁed. Consider a semi-inﬁnite three-layer composite
Zn–InN–Zn. Both the ﬁrst (Zn) and second (InN) layers have the same thickness of 500b (b is a Burgers vector
magnitude), and the Zn substrate is semi-inﬁnite. A screw dislocation with the Burgers vector b = b(0,0,1)
is located in the middle (0,750b) of the InN layer. For all three layers, the x1-axis coincides with theFig. 4. Comparison of the results of Kamat and Hirth (1987) and the current results for a screw dislocation in an inﬁnite 1–2–1 multilayer
for two values of the inhomogeneity parameter c.
Fig. 5. Comparison of current results with the results of Choi and Earmme (2002a) for a mixed dislocation in a GexSi1x/Si two-layer
solid with {100} plane epitaxy.
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boundary conditions require that r23 on the free surface x2 = 0 to vanish, and that r23 to be continuous across
the upper and lower interfaces x2 = 500b and 1000b. Fig. 6(a) shows that r23 on the free surface is indeed
very close to zero, compared to the value that it would otherwise assume if the top layer is semi-inﬁnite.
Fig. 6(b) shows that r23 is indeed continuous across the upper interface, as the dashed line representing the
stress r23ðx1; x2 ¼ hþ1 Þ on its upper side is almost indistinguishable from the full line representing the stress
r23ðx1; x2 ¼ h1 Þ on its lower side. The same agreement is found for the lower interface, as shown in Fig. 6(c).Fig. 6. Veriﬁcation of boundary conditions for a screw dislocation located in the middle of the InN layer in a Zn–InN–Zn multilayer. (a)
The stress r23 on the free surface x2 = 0 is almost zero (full line) while it would acquire ﬁnite magnitude (dashed line) if the top Zn layer is
semi-inﬁnite. (b) Across the upper interface at x2 = 500b, the stress r23ðx1; x2 ¼ hþ1 Þ represented by the dashed line overlaps the stress
r23ðx1; x2 ¼ h1 Þ represented by the solid line. (c) Similar agreement is found for the lower interface at x2 = 1000b.
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In this section, the dependence of the image force on the dislocation position, relative layer thicknesses, dis-
location mixity and elastic anisotropy is investigated. All calculations are performed using 15 Gaussian points.
Fig. 7 plots the variation of the normalized image force F2/Ffree as an edge dislocation with the Burgers
vector b = b(1,0,0) changes its position from near the free surface to within the substrate in two semi-inﬁnite
multilayers: InN–Zn–InN and Zn–InN–Zn. For both multilayers, the thickness of the ﬁrst and second layers is
h1 = h2 = h, and the normalizing constant Ffree is the image force F2 on the dislocation at the depth of h in a Zn
half-space. Note that Ffree is positive since it is the force that pushes the dislocation to the top free surface of
the Zn half-space. Also, F2/Ffree plotted against x2/h is independent of h. For simplicity, the x1-axis coincides
with the crystallographic direction [0001] in all layers, resulting in a decoupled problem. Based on the results
for isotropic bimaterials, a dislocation approaching the interface of a bimaterial will be repelled from the inter-
face if it is within the softer material but attracted towards it if it is within the stiﬀer material. Table 1 shows
that all the elastic constants of Zn, except C066, are smaller than those of InN. Also, the shear constant
C044 ¼ 1=2ðC033  C023Þ of Zn is larger than that of InN. Hence, for a Zn–InN interface it is not immediately
clear if a dislocation in Zn will be repelled by or attracted towards InN. Fig. 7(a) shows that for the InN–
Zn–InN multilayer, the image force F2/Ffree changes sign if the dislocation is in the middle Zn layer, i.e., it
tends to push the dislocation in the middle Zn layer into the InN layers on the upper and lower sides of it.
Similarly, Fig. 7(b) shows that for the Zn–InN–Zn multilayer, the dislocation in the middle InN layer will
be repelled from its interfaces with Zn. Hence, the shear elastic constant C066 or C
0
44 is relevant if the general
idea of repulsion from the stiﬀer material and attraction towards the less stiﬀ material is to be retained. Such
results reveal the complex dependence of the image force on the inhomogeneity of the bonded anisotropic
materials, which may not be easily assessed by intuition. Based on the shear stiﬀness, the sign of the image
force when the dislocation is in the top layer or in the substrate can be similarly assessed. The results in
Fig. 7(a) and (b) are in agreement with this assessment.
In Fig. 8, the variation of F2/Ffree with the ﬁlm thickness for an edge dislocation b = b(1,0,0) in the InN–
SiC–InN and SiC–InN–SiC multilayers is simulated. The multilayers are semi-inﬁnite with the top two layers
having the thicknesses of h1 and h2. The thickness h1 (or h2) is varied while keeping h2 (or h1) ﬁxed at h. The
dislocation is always located at 10b above the upper interface in Layer 1. The x1-axis coincides with the crys-
tallographic direction [0001] in all layers, and this is a decoupled problem. For both multilayers, Ffree is the
forceF2 on the dislocation at the depth of h in a SiC half-space.
The dependence of the image force on thickness can be rationalized in terms of the superposition of image
forces arising from various faces (free surface and interfaces). Note that SiC has a higher normal and shear
stiﬀness compared to InN, as Table 1 shows. This implies that a dislocation in InN will likely be repelled from
the InN–SiC interface. In Fig. 8(a), it can be seen that the dislocation is attracted by to the free surface,
and this force decreases as the thickness h1 of Layer 1 increases. This may be attributed to a decrease inFig. 7. The variation of the normalized image force F2/Ffree with the normalized position x2/h of an edge dislocation in (a) InN–Zn–InN,
and (b) Zn–InN–Zn. The dislocation in the Zn layer is always attracted towards the InN layer.
Fig. 8. Plot of the normalized image force F2/Ffree versus the normalized ﬁlm layer thickness. Variation with (a) h1 and (b) h2 in InN–SiC–
InN, and variation with (c) h1 and (d) h2 in SiC–InN–SiC. The edge dislocation is located at 10b above the upper interface in the top layer.
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force exerted on the dislocation in the top InN layer by the middle SiC layer becomes stronger as h2 increases,
i.e., as the lower SiC–InN interface recedes from the dislocation. This result can be understood since Layer 3 is
elastically less stiﬀ compared to Layer 2 and it will mitigate the repulsive force due to Layer 2 on the
dislocation in Layer 1. However, as the lower interface recedes, this mitigating inﬂuence weakens and there
is an overall increase in the repulsive force. In Fig. 8(c) and (d), the dislocation is within the top SiC layer
of the SiC–InN–SiC multilayer, and the variation of the image force with h1 and h2 can be similarly rationali-
zed. Finally, Fig. 8 also shows that when a dislocation is close to the interface, the inﬂuence of the thickness
ratio of the thin to thick layers on the image force is most signiﬁcant when that ratio is less than 0.5.
We next turn our attention to the dependence of F2/Ffree on the relative strength of the screw and edge com-
ponents of the Burgers vector. For simplicity, inﬁnite Cu–Ni–Cu and Ni–Cu–Ni multilayers are considered.
The middle layer has the thickness h and Layers 1 and 3 are semi-inﬁnite. In each layer, the x1-, x2-, and
x3-axis coincides with the crystallographic directions ½110, ½111 and ½112, respectively. This is a coupled
problem. The dislocation is located in the middle layer at the distance of 0.2h below the upper interface. It
has the Burgers vector magnitude b ¼ jbj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21 þ b22 þ b23
q
. The special case is considered whereby b2/b = 0
and b3/b is varied from zero (pure edge) to one (pure screw). Furthermore, we choose Ffree to be the image
force F2 acting on a reference edge dislocation with the Burgers vector b(1,0,0) located at the depth of h in
a nickel half-space. Fig. 9 summarizes the results for the two multilayers. It can be seen that F2/Ffree decreases
in magnitude as b3/b increases, i.e., a larger image force acts on the dislocation with a larger edge component.
The variation is also quite signiﬁcant, amounting to 25% to 30% change as b3/b increases from zero to one.
Similarly, the eﬀect of dislocation mixity on F2/Ffree in hexagonal materials can be investigated. Consider
the following two cases of a mixed dislocation in an inﬁnite 3-layer InN–SiC–InN solid with the middle layer
thickness h. In the ﬁrst case, the c-axis ½0001 direction in each layer coincides with the x1-axis direction (½001
in the reference x1–x2–x3 coordinate frame). In the second case, the c-axis direction in each layer coincides
Fig. 9. Plot of the normalized image force F2/Ffree versus normalized dislocation component b3/jbj in inﬁnite (a) Cu–Ni–Cu and (b) Ni–
Cu–Ni multilayers.
H.Y. Wang et al. / International Journal of Solids and Structures 44 (2007) 1563–1581 1579with the ½101 direction. As in the previous ﬁgure, the dislocation has the Burgers vector (b1,0,b3) with mag-
nitude b and is located at the distance of 0.2h below the upper interface. In both cases, Ffree is the image force
F2 on a dislocation with the Burgers vector b = b(1,0,0) located at the depth of h in a SiC half-space where the
c-axis and the x1-axis directions coincide.
The ﬁrst case is a decoupled problem because of the special orientation of the c-axis. The second case is a
coupled problem. As in Fig. 9, Fig. 10 shows that for the ﬁrst case F2 decreases in magnitude with increase in
b3. However, for the second case F2 increases with b3 until b3  0.8jbj, after which it decreases. These examples
show the complex dependence of the image force on dislocation mixity, material anisotropy and inhomoge-
neity. Finally, it is interesting that although in both Figs. 9 and 10 Ffree is deﬁned with respect to a pure edge
dislocation at a depth of h in a half-space, F2 is smaller than Ffree for the cubic materials but larger than Ffree
for the hexagonal materials.Fig. 10. Plot of the normalized image force F2/Ffree versus the normalized dislocation component b3/jbj in an inﬁnite InN–SiC–InN
multilayer.
Fig. 11. Plot of the normalized image force F2/Ffree versus the angle h between the c-axis and the x1-axis for a screw dislocation and an
edge dislocation in a SiC–InN–Zn multilayer.
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location b = b(001) and an edge dislocation b = b(100) in a semi-inﬁnite SiC–InN–Zn multilayer is investi-
gated. The SiC and InN layers have the thickness h and the Zn layer is semi-inﬁnite. The c-axis of the
hexagonal materials in all three layers lies in the x1  x3 plane and makes an angle of h with respect to the
x1-axis. The dislocation is located at the distance of h/5 below the SiC–InN interface. This is generally a cou-
pled problem. Deﬁning Ffree as the image force F2 on the edge dislocation at the depth of h in an InN half-
space with h = 0, F2/Ffree is plotted against h in Fig. 11, which shows a very strong dependence on h. For
the screw dislocation, the image force magnitude has a minimum at h = 90 and a maximum around
h = 35, while for the edge dislocation, it has a maximum at h = 90 and a minimum around h = 30. The var-
iation of the image force with h essentially shows the signiﬁcant inﬂuence of elastic anisotropy of the hexag-
onal materials, and the diﬀerences between the screw and edge dislocation curves highlight the dependence on
dislocation mixity.
5. Conclusions
In this paper, the image decomposition method is developed for solving the problem of a mixed dislocation
in a multilayer consisting of an arbitrary number of layers of various materials and thicknesses. The develop-
ment of the method has the following four signiﬁcant points. First, partial solutions which automatically sat-
isfy the consistency requirement when the original N-layer problem degenerates into an M-layer problem
(M < N) can be determined through the method of decomposition. Without the inclusion of these partial solu-
tions, the formulation of the governing equations would be improper and accurate numerical solutions may
not be attained. Second, all singular integrals in the governing Cauchy integral equations of the ﬁrst and sec-
ond kind can be eliminated through the H and I transforms, resulting in non-singular Freholm integral equa-
tions and thus removing at the outset inaccuracies associated with singularities. Third, we believe that
solutions for a mixed dislocation in a general multilayer (as opposed to a pure edge or pure screw dislocation
in a bimaterial or periodic multilayer) based on the image method are reported for the ﬁrst time. Finally, since
Cauchy integral equations arise not only in dislocation problems but also in other engineering problems, e.g.,
contact mechanics (Fan and Keer, 1994; Fan et al., 1996), the current method of solving Cauchy integral equa-
tions may be applicable to these other problems.
The method was used to calculate image forces acting on mixed dislocations in three-layer composites of
cubic or hexagonal materials. In particular, the investigation of the dependence of the image forces (acting
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material anisotropy was carried out. It was revealed that (a) whether the dislocation in a layer near an inter-
face will be repelled by or attracted towards the other layer depends (at least) on the elastic constants of the
two layers in a complex manner, (b) for a dislocation near an interface, the dependence of the image force on
the thicknesses of the neighboring layers is very signiﬁcant when the thickness ratio of the thin to thick layers
is less than 0.5, (c) the image force magnitude in general depends non-monotonically on the dislocation mix-
ity, and (d) the inﬂuence of elastic anisotropy of the materials is signiﬁcant and is generally also non-mono-
tonic. Consequently, elastic anisotropy, layer inhomogeneity, layer thicknesses, dislocation mixity and
dislocation position all inﬂuence the image forces in a complex manner and the actual values of the forces
can be determined only through a computational model capable of simultaneously handling all these factors.
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